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MOTIVATION

The precise movement of individuals through the
transportation network is incredibly complex. Instead
of modelling every little detail, we assume many
details are stochastic and handle the data using
statistical tools.

- To reduce the costs of data collection

- To make life easier

- To enable us to build complex systems that represent
reality



EXAMPLE
APPLICATIONS

Uses:

- To determine how many data samples we need to collect

- To estimate how much confidence we should have in a
sample of data

- Check what statistical distribution matches with reality

- Model stochastic arrivals and departures (e.g. Poisson
arrivals)

- Handle normal variability in human population
* Research



FUNDAMENTALS

Discrete random variables:
- Number of vehicles in a household
- Number of times a person will go grocery shopping in a
week
Continuous random variables:
» Height or weight of students in a class
- Vehicle speed
- Commute time



You are tasked with collecting speed data on a local
street. These are your results:

23 45 65 76 56 65
46 52 64 69 64 24
81 47 32 34 53 58
76 61 73 51 36 62
26 49 48 76 46 37
38 15 43 83 28 25
43 37 51 12 26 65

What can we say about the speed on this street?



DESCRIPTORS

Central tendency

- Mean u
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- Median
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NORMAL
DISTRIBUTION

The most commonly used distribution. Why? Found

very frequently in nature.

- Many aspects of human populations are normally
distributed
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DISTRIBUTION
FUNCTIONS

Probability distribution function:
» Discrete: histogram ||
« Continuous: function i I

» Provides the probability of
obtaining the corresponding

(x)

value of X D
» Sum of area =1 [ ———
Cumulative distribution function: ; / /?5//, |
+ Incremental probability of g / /,JV |
obtaining the corresponding e 117
value < X A,

» Probability ranges from 0 to 1




PROBABILITIES

Some important
characteristics:

* 68.3% of the
observations are
within one g

* 95.0% of the
observations are
within 1.96 o

« 99.7% of the
observations are
within 3 o

- "Outliers” lie literally at the edges

7 34.1% 34.1%
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STANDARD NORMAL
DISTRIBUTION

Any normal
distribution can be
converted into an
equivalent standard
normal distribution

-u=1

co=1
For random variable x,
the standard normal
variable z:
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EXAMPLE

L
Tr

(x — )

Compute the probability
that speed is <65.
Equivalent value in std.
normal = (65-33)/7 =
1.43




STANDARD NORMAL DISTRIBUTION: Table Values Represent AREA to the LEFT of the Z score. STANDARD NORMAL DISTRIBUTION: Table Values Represent AREA to the LEFT of the Z score.

Z 00 01 .02 03 .04 05 06 07 08 .09 Zz .00 01 02 .03 .4 05 06 A7 08 .09
-3.9 | 00005 00005 00004 00004  000D04 00004 00004 00004 00003 00003 0.0 | 30000 50399 50798 51197 51597 51994 52392 52790 53188 53586
-3.8 | 00007 00007 00007 00006 00006 00006 00006 00005 00005  .00005 0.1 | 33983 34380 5477 A5172 535367 53962 36356 56749 5TI42 57333
-3.7 | 00011 00010 00010 00010  .0ODCS 0000 00008  .00008 00008 .00008 0.2 | 37926 38317 58706 59095 59483 59871 60257 60642 61026 61409
-3.6 | 00016 00015 00015 00014 00014 00013 00013 00012  .00012 00011 0.3 | 61791 62172 62552 62930 63307 63683 64058 64431 64803 65173
-3.5 | 00023 00022 00022 00021  .00020 00019  .00019  .00018  .00O17  .00017 0.4 | 65342 65910 66276 66640 67003 67364 67724 68082 68439 68793
-3.4 | 00034 00032 00031 00030 00029 00028 00027 00026  .00025  .00024 0.5 | 69146 69407 69847 70194 70340 70884 71226 71366  .T1904 72240
-3.3 | 00048 00047 00045 00043 00042 00040 00039  .00038 00036  .00033 0.6 | 72375 72907 73237 (73565 (73891  .74215 74537 74857 75175 75490
-3.1 | 00069 00066 00064  OOD62  .00DGD 00038 00056  .00054 00052  .00050 0.7 | 73804 76115 76424 76730 77033 77337 77637 77935 78230 78324
-3.1 | 00097 00094 00090 00087 00084 00082 00079  .00076  .00074  .00071 0.5 | 78814 79103 79389 79673 79957 80234 80511 80785 81057 81327
-3.0 | 00135 00131 00126 00122 00118 00114 00111 00107 00104 00100 0.9 | 81394 81859 82121 82381 82639 8394 83147 83398 83646 83891
-2.9 | 00187  .00181 00175 00169 00164 00159 00154 00149 00144 00139 Lo | 84134 8437 84614 84840  B5083 83314  B5543 85769 85993  B6214
225 | 00236 00248 00240 00233 00226 00219 00212 00205 00199  .00193 11 | 86433 86650  BGB64  BTOT6  B7286 87493 87698 87900 88100 88298
-7 | 00347 00336 00326 00317 00307 00298 00289  .00280  .00272  .00264 1.2 | 88493 88686  B8B77  8906> 89251  .BO433 89617 89796 89973 90147
-6 | 00466 00453 00440 00427 00415 00402 00391 00379 00368 00357 L3 | 90320 50490 90658 90824 90988 091149 91309 91466 91621 9177
-2.5 | 00621 00604 00587 00570 00534 00539 00523  .00508 00494 00480 1.4 | 91924 92073 92220 92364 92507 92647 92785 92022 93056  .93189
-2.4 | 00820 00798 00776 00753  .00734 00714 00695  .00676  .00657  .00639 15 | 93319 93448 93574 03699 03822 93043 94062 94179 94205 94408
223 | 01072 01044 01017 00990 00964 00939 00914 00880 00866  .00842 1.6 | 94520 94630 94738 04845 049350 93033 95154 95254 05352 95449
22 01355 01321 01287 01255 01222 01191 01160  .01130  .01101 L7 | 93543 935637 95728 05818 95907 93994 06080 96164 96246 96327
221 01743 01700 01659 01618 01578 01539 01500 .01463  .01426 18 | 96407 96485 96562 96638 96712 96784 06856 96926 96995
-2.0 02222 02169 02118 02068 02018 01970 01923  .01876  .01831 1.9 | 97128 97193 97257 97320 97381 97441 97500 97558 97613
-1.9 02807 02743 02680 02619 02559 02500 02442 02385 02330 2. 97725 9777 97831 97882 97932 97982 98030 98077 98124 98169
-L§ 03515 03438 03362 03288 03216 03144 03074 03005 02938 21 | 98214 98257 98300 98341 08382 98412 98461 98500 98537 98574
-1.7 04363 04272 04182 (04093 04006 03920 03836  .03754 03673 22| 98610 98645 98679 98713 98747 . 98809 98840 98870 98899
-L6 03370 05262 05155 05030 04947 04846 04746 04648 04351 2.3 | 98928 08956 98983 99010 99036  .99061 99086 99111 99134 99138
-L.5 06552 06426 06301 06178 06057 05938 05821  .05705  .05392 2.4 | 99180 99202 99224 99245 00266 09286 99305 99324 00343 99361
-14 07927 07780 07636 07493 073533 07215 07078 06944 06811 1.5 | 99379 99396 99413 90430 09446 99461 99477 99492 99506 99320
-L3 09510 09342 09176 09012  .08831 08691 08334 08379 08226 2.6 | 99334 00547 99560 99573 00383 09398 99609 99621 99632 99643
-1.2 11314 11123 10935 10749 (10363 10383 10204 10027  .09853 17| 99653 99664 99674 09683 09693 99702 99711 99720 99728 99736
-11 13350 (13136 12924 12714 12507 (12302 .12100  .11900  .11702 2.8 | 99744 99752 99760 99767 99774 99781 99788 99795 09801 99807
-1.0 15625 15386 15151 14917 14686 14457 14231 14007 13786 29 | 99813 99819 99825 99831 09836 99841 90846 99851 99856 99861
-0.9 18141 17879 17619 17361 17106 16853  .16602  .16354  .16109 3.0 | 99865 99869 99874 99878 00882 00886 99889 99893 99896 99900
-0.8 20897 20611 20327 20045 19766 19489 19215 18943 18673 31| 99903 99906 99910 99913 99916 99918 99921 99924 99926 99929
-0.7 23885 23576 23270 22963 22363 22065 2177 21476 32| 99931 99934 99936 99938 00940 09942 99944 99945 99048 99930
-0.6 27093 26763 26435 26109 25463 25143 24825 M50 3.3 | 99952 99953 99955 99957 09958 09960 99961 99962 99964 99963
0.5 30503 30153 29806 29460 2877 28434 28096 27760 34 | 99966 99968 99969 99070 00971 09972 90973 99974 99975 99976
-0.4 34000 33724 33360 32997 32276 31918 31561 31207 3.5 | 99977 99978 99978 90079 00080  .99081 99981 99082 90083 09983
-0.3 37828 37H8 37070 36603 35942 35569 35197 34827 3.6 | 99984 00085 99985 00086 00086  O0O87 99987 99088 00088 09989
-0.2 | 42074 41683 41294 40905 40517 39743 39358 38074 38301 3.7 | 99980 99990 99990 99900 09991 99991 99992 90992 99992 99992
-0.1 | 46017 45620 45224 44828 44433 43644 43251 42858 42463 3.8 | 99993 99993 99993 00904 00094 00004 00004 99005 09995 09993
-0.0 | 30000 49601 49202 48803 48403 47608 47210 46812 46414 3.0 | 99995 90005 99996 00006 00096 90996 00006 99906 . 7 99997

http://sphweb.bumc.bu.edu/otlt/mph-
modules/bs/bs704 probability/bs704 probability9.html#probabilitiesofthestandardnormaldistributionz



http://sphweb.bumc.bu.edu/otlt/mph-modules/bs/bs704_probability/bs704_probability9.html#probabilitiesofthestandardnormaldistributionz

CONFIDENCE
BOUND

When we compute a measure we would like to assign
a confidence bound to have a certain level of
confidence of our statistical estimate.

- Lets say we want to ensure our estimate is within a%. The
bound is generated as:

Cl, = (,u—aZa/z, ,u+JZa/2)

Where Zy /2 = the std. normal value for%



EXAMPLE

Let the estimate of mean and standard deviation of
random speed measurements be 45 and 5
respectively. What is the interval that will allow us to
be sure of measurements 95% and 99.7% of the time?

Answer:
* (45 -1.96*5, 45 +1.96*5)
+ (45 - 3*5, 45 +3*5)



SAMPLE SIZE

Given the sample size we determined the CI,. Now for
a required CI_, sample size can be determined.

o
Error allowed e = Zy ;) —

VN
2
L., o0
N><“/2)
e




MULTIVARIATE

Consider a person who travels using walk, bus and
metro modes.

* The mean and (SD) of travel times are
- 5(1)
+ 18 (3)
* 9(2)

How do we determine the mean for the overall trip?



MULTIVARIATE

What we need to do is come up with a new random
variable which is the sum of these three random
variables.

 Lets consider X, and Y be two random variables with
means p, and u,,, and SD o, and o,

Z = aX+bY+C

* a and b are coefficients of the model which weigh the relative
impact of each variable on Z

* Cis aconstant

- Mean of Z = aux + buy
- SDof Z = \/aza,f + b?o;




That's all for today!




